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On the link between Shro¨dinger and Vlasov equations
Tigran Aivazian 1
Abstract
It is shown that well-known Vlasov equation can be derived by adding ”hidden” degrees
of freedom and subsequent quantization. The Shro¨dinger equation obtained in this manner
coincides (in x-representation) with the kinetic equation for the original dynamical system
1. Two ways to derive the Vlasov equation
Consider a non-autonomous dynamical system in Rn:
dxi
dt
= X i(x1, ..., xn, t) (1.1)
We assume that the vector field X is solenoidal:
divX ≡
∂X i
∂xi
= 0 (1.2)
One can derive Vlasov equation (known also as Liouville or collisionless Boltz-
mann) from the condition that the integral of the distribution function f(x,t)
is invariant with respect to the phase flow generated by the field X:
∫
G
f(x, 0)dnx =
∫
gt(G)
f(x, t)dnx, (1.3)
where G ⊆ Rn is a open subset in Rn, gt(x) is a trajectory starting at point
x ∈ G and dnx is a standard integration measure in Euclidean space. The
Vlasov equation has the following form:
∂f
∂t
+
∂
∂xi
{X if} = 0 (1.4)
Statement. Kinetic equation can be also obtained by doubling the di-
mension of the base phase space and subsequent quantization of the resulting
hamiltonian system. Indeed, one can add n variables pi and a function H(x,p,t)
so that the dynamical system becomes hamiltonian:
x˙i =
∂H
∂pi
= X i(x, t),
p˙i = −
∂H
∂xi
= −pk
∂Xk(x, t)
∂xi
,
H(x, p, t) = piX
i(x, t) (1.5)
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Since this system is hamiltonian it is possible to construct the corresponding
equations of quantum mechanis for it:
i
∂ψ
∂t
= Hˆψ (1.6)
Using the condition of divergenless of X we rewrite the last equation as:
∂ψ
∂t
+X i
∂ψ
∂xi
= 0, (1.7)
As we see the Shro¨dinger equation for wave function ψ(x, t) in x-representation
coincides with the Vlasov equation for distribution function f(x,t) which proves
our original statement.
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